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Abstract: This paper studies the possibility of using measured transient vibration data in the detection 
of multiple cracks on beams by following the Bayesian probabilistic framework. The proposed method 
adopts different classes of models in modelling a beam with different numbers of cracks. The number 
of cracks on the beam can then be identified by calculating the probability of a model class conditional 
on a given set of measured transient vibration data. By following the Bayesian probabilistic framework, 
the posterior probability density functions (PDFs) for a set of crack parameters, such as the crack 
locations and the corresponding extents, can be calculated. The PDFs allow engineers to quantify the 
uncertainties associated with the results of crack detection. The paper reports not only the theoretical 
developed but also the experimental verification of the proposed method. 
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1 Introduction 
The use of dynamic measurement in crack detection on structural members has been studied by 
many researchers. For detecting the existence of cracks and the corresponding locations, a non-
model based approach, which relies on the measured responses of the undamaged (healthy) and 
possibly damaged structural member, is commonly used ([1]). However, a model-based approach, 
which involves modeling the structural members, has to be adopted if the crack extent (depth) is to be 
quantified. 
To study the feasibility of the model-based approach, the majority of methods were focusing on single 
crack situations [2-3]. To extend the approach to a multi-crack situation, Ostachowicz and Krawczuk 
[4] studied the forward problem of a beam structure with two cracks in 1991. They expressed the 
changes in modal parameters as a function of crack locations and extents. In 2005, Law and Lu [5] 
proposed to use measured time-domain responses in detecting multi-cracks on a beam structure 
through optimization algorithms. However, this method is only applicable in single-crack situations or 
when the number of cracks is known in advance, which is normally not possible in real situations. The 
proposed crack detection methodology addresses this difficulty by dividing the process into two 
stages. The number of cracks is identified in the first stage, and the uncertainty of crack characteristics 
are calculated in the second stage. 
This paper consists of two main parts: the theoretical development of the methodology and the 
experimental case studies. In the first part (Section 2), the analytical beam model, the method for 
detecting the number of cracks (stage one of the proposed methodology), and the method for 
identifying the PDFs of crack characteristics (stage two) are described. The second part (Section 3) 
presents the results of a series of experimental case studies in demonstrating the proposed crack 
detection methodology. Conclusions are drawn in Section 4.  
2 Methodology 
2.1 Modeling of semi-rigidly connected cantilever beam with multiple cracks 
Due to space limitations, the modeling of the semi-rigidly connected cantilever beam with multiple 
cracks is briefly reviewed here. Details can be found in references [3,6,7]. Figure 1 shows a model of a 
cantilever beam with CN  cracks. The beam is divided into 1CN +  segments, each with length il , for 
i = 1, , 1CN + , where 
1
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=
=å . Each segment is modeled as an Euler-Bernoulli beam with the 
equation of motion for vibration under an arbitrary force ( )P t  as: 
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where EI  is the flexural rigidity, m  is the mass per unit length, and y  is the transverse deflection of 
the beam, which is a function of the position x  along the beam and time t . The rotational spring 
stiffness is represented by K  as shown in Figure 1 [6-7]. The vibration response can be calculated by 
using four boundary conditions of the cantilever beam and the following four continuity conditions: 
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where 1,..., Ci N= , iD  is the non-dimensional flexibility parameter to characterize the extent of the i -th 
crack. The relationship between the crack extent iD  and the crack depth ratio /i i hd g=  can be found 
in [4] as 26 ( / ) ( )i i ih L fpd dD = , where h  is the beam depth, ig  is the depth of the i -th crack, and the 
function ( )if d  is given by [4]: 
( ) 2 3 4 5 60.6384 1.035 3.7201 5.1773 7.553 7.332 2.4909i i i i i i if d d d d d d d= - + - + - +  (3) 
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Figure 1. The model of a cracked cantilever beam 
with semi-rigid connection. 
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Figure 2. Schematic diagram illustrating the 
basic strategy for the first stage of the 
proposed methodology. 
As the uncertainty that is associated with the stiffness K  of the rotational spring is much larger than 
those associated with other model parameters, such as the modulus of elasticity and the mass density 
of the structural member. Therefore, the rotational stiffness will be included as one of the uncertain 
parameters in the proposed methodology. To prevent numerical problems, a normalized rotational 
stiffness /K K EI=% is used. Furthermore, damping is usually more difficult to identify when compared 
to other model parameters. Thus, the damping ratios are also included as uncertain parameters in the 
proposed methodology. Therefore, the uncertain parameter vector for a beam with j cracks is 
1 1 2 1 2{ , ,... , , , , , , , }
T
j q j jK l l lz z= D D Da % K K , where q  is the number of modes required to describe with 
sufficient accuracy the dynamic response of the cantilever beam for a particular excitation. The total 
number of uncertain parameters is 2 1j q+ + . In the experimental case study, the first four modes are 
used. 
2.2 Identification of the number of cracks and crack characteristics 
If the model-based approach is followed for crack detection and the number of cracks is not known, 
beams with different numbers of cracks have to be modeled by different classes of models, as shown 
in Figure 2. In the figure, the model class jM  is employed in modeling a beam with j  cracks, and the 
parameters jl  and jD  are used to describe the location and extent of the j -th crack. 
The problem is how to identify the optimal model class using a set of measurements D . By following 
the concept of model updating, one may consider carrying out a minimization for each model class to 
minimize the discrepancy between the measured and modeled responses, and pick up the optimal 
model class as that which can give the best fit to the measurement. It must be pointed out that the 
selection of the optimal model class based on a given set of data is not trivial. It is clear that the 
model class of a beam with more cracks consists of more model parameters (see Figure 2), which will 
always provide a better fit to the measurement when compared to a model class with fewer 
parameters. Hence, the selection of model class based solely on the fitting between the modeled and 
the measured dynamic responses can be very misleading, as the most complex model class will 
always be selected. 
In addressing this problem, the first stage of the proposed methodology relies on the Bayesian model 
class selection method [8] in selecting the optimal model class to identify the number of cracks on 
  
the beam. Due to space limitation, the Bayesian model class selection method will only be briefly 
reviewed. Interested readers should consult reference [8]. The original goal of the method is to select 
the optimal class of models from a given list of MN  model classes. The selection is based on the 
probability of the model class conditional on the set of measurements D  [8]: 
( ) ( ) ( ) ( )| , | , | / |j j jP M D U p D M U P M U p D U=    for  1, , Mj N= K  (4) 
where U  expresses the users judgment about the initial plausibility of the classes of models, 
expressed as a prior probability ( | )jp M U  on the model class jM , such that 1 ( | ) 1
MN
jj
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=
=å . 
1 ( | )p D U  is treated as a normalizing constant. The most important term in (4) is ( | , )jp D M U , which 
is known as the evidence for the model class jM  provided by the set of data D . The class of 
models to be used is obviously the one that maximizes the probability ( | , )jP M D U  and this is 
generally equivalent to the one that maximizes the evidence ( | , )jp D M U  with respect to jM . In the 
application of the Bayesian model class selection method in the detection of the number of cracks, 
subjective judgment from engineers is not preferred. As a result, U  is dropped in ( | , )jp D M U  
because it is assumed that jM  alone specifies the PDF for the data. Hence, the evidence 
( | , ) ( | )j jp D M U p D M=  hereafter. For a globally identifiable case [9], the evidence can be calculated 
based on an asymptotic approximation [10]: 
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where  ja  denotes the optimal model in the model class jM  (the set of optimal model parameters of 
ja ). jN  is the number of uncertain model parameters in  ja , and ( )j jH a  is the Hessian of the function 
( ) ln[ ( | ) ( | , )]j j j j jg p M p D M= -a a a  evaluated at the optimal model  ja . 
The proposed algorithm for identifying the number of cracks on the beam is summarized as follows: 
1. Initialize the index 0j = , and calculate the evidence ( | )jp D M  for the beam without crack by (5). 
2. Increase the index j  by 1 ( 1j j= + ), and calculate the evidence ( | )jp D M  for the beam with 
single crack. 
3. Compare the evidence of 1( | )jp D M -  with that of ( | )jp D M . If 1( | ) ( | )j jp D M p D M- > , then 
1jM -  is the best class of models. Otherwise, increase the index j  by 1 ( 1j j= + ) and repeat 
this step. 
By following this simple algorithm, the proposed methodology can identify the number of cracks, say 
CN , by calculating the evidence of the model classes 0M , 1M , , 1CNM + .  
After identifying the number of cracks, for e xample CN , the posterior PDF ( | , )C CN Np D Ma  of the set of 
uncertain model parameters 
CN
a  in the model class  
CN
M  is calculated by using the Bayesian 
statistical framework in stage two. Due to space limitations, the Bayesian statistical framework is not 
discussed here. Interested readers should refer to [9]. Instead of pinpointing the crack locations and 
extents as in the deterministic approach, the proposed crack detection methodology focuses on 
calculating the posterior PDF of the model parameters 
CN
a . As a result, the confidence level of the 
crack detection results can be quantified through the calculated probability or the corresponding 
coefficient of variation (COV). This information is extremely important for engineers who are making 
judgments about remedial work. 
3 Experimental verification 
The proposed crack detection methodology was demonstrated and verified using the cantilever beam 
test system as shown in Figure 3. The test sample is an aluminum bar with Youngs modulus E  = 69 
GPa, density r  = 2960 kg/m3, width b  = 12 mm, height h  = 6 mm and the length of the aluminium 
bar is 600 mm. The first 200 mm of the beam is fixed in a rigid clamping system, and the length of the 
cantilever beam is therefore 400 mm. The cantilever beam is excited at three points ( 1e  = 50 ± 1 mm, 
2e  = 200 ± 1 mm and 3e  = 300 ± 1 mm from the fixed end) using a 086D80 PCB Piezotronics impact 
hammer with a 5mm thick steel backing mass and a nylon tip together with a 480C02 ICP sensor 
signal conditioner. The transient transverse vibration response is measured at 220 ± 1 mm from the 
fixed end using a Polytec laser vibrometer system with an OFV-502 fibre-optic laser head and an 
OVD-02 velocity  demodulator set at 125 mm/s/V measurement resolution. The response signal is 
collected for 500 ms with an approximately 50 ms pre-trigger with a temporal resolution of 0.2 ms.  
  
A summary of all cases in the experimental study is given in Table 1. As the response signals in time 
and frequency space show that only the first four modes significantly contribute to the measured 
responses. Hence, only the first four modes are considered in the dynamic analysis. Furthermore, the 
system is assumed to be classically damped with different critical damping ratios for different modes. 
The identification models that are adopted in different cases are summarized in Table 2. 
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Figure 3. Cantilever beam experiment 
configuration. 
 
Figure 4. Normalized marginal PDF of the crack 
location ( 1l ) and extent ( 1D ) in Case B. 
Table 1: Summary of all cases in the experimental study. 
Case CN  Crack location (mm) Crack extent Crack depth (mm) 
A 0 N/A N/A N/A 
B 1 1l =  80 ± 1 1D =  0.0407 2.8 ± 0.15 
C 2 1l =  80 ± 1, 
2l =  100 ± 1 
1D =  0.0407 
2D =  0.0028 
2.8 ± 0.15 
0.8 ± 0.15 
Table 2: The vector of uncertain parameters of the identification model in each case. 
Case Uncertain parameters of the identification model 
A 0 1 2 3 4{ , , , , }
TK z z z z=a %  
B 1 1 2 3 4 1 1{ , , , , , , }
TK lz z z z= Da %  
C 2 1 2 3 4 1 1 2 2{ , , , , , , , , }
TK l lz z z z= D Da %  
3.1 Number of cracks 
Table 3 shows the results of the first stage of the proposed crack detection methodology for all three 
cases. The larger the value of the evidence, the higher the probability of the model class conditional 
on the set of data D . The logarithm is used because the numerical values of the evidence are usually 
very large, which may cause computational problems. The number of cracks can then be identified 
based on the value of the logarithm of the evidence. From Table 3, it is clear that 0M  (no crack) and 
1M  (single crack) are selected for Case A and Case B, respectively, while 2M  is selected for Case C. 
The proposed methodology successfully identifies the true number of cracks in all cases. 
3.2 Crack characteristics 
In the second stage of the proposed methodology, the set of optimal parameters is identified and the 
PDF of the uncertain parameters, which consists of  the crack parameters and the beam properties, is 
calculated using the Bayesian statistical framework. Table 4 summarizes the identified optimal crack 
parameters, and the normalized marginal PDF of the crack parameters in Case B is shown in Figure 
4. As there is only one optimal model within the domain of interest, there is only one peak in Figure 4. 
To make the discussion on the uncertainty of the identification results more convenient, the 
coefficients of variation (COVs) of all uncertain parameters  are calculated and summarized in Table 4. 
  
The identified crack location and crack depth (79.6 mm and 2.92 mm) in the single crack case (Case 
B) in Table 4 are perfectly matched with the true values (80 ± 1 mm and 2.8 ± 0.15 mm). Furthermore, 
the COVs of the identified crack location and depth are very small, and the confidence level of the 
result of crack detection is therefore high. It can be concluded that the proposed crack detection 
methodology successfully identifies the crack location and depth in Case B. There are two cracks in 
Case C: the first crack 1c  at 80 ± 1 mm is the same as that in Case B, and the second crack 2c  at 100 
± 1 mm is very small (0.8 ± 0.15 mm) at only about 13% of the overall depth of the beam. Similarly, the 
identified crack locations for both 1c  and 2c  in Case C in Table 4 are very close to the true values. 
Table 3. The results of Bayesian model class selection in all cases. 
Case A B C 
Class of models 0M  1M  0M  1M  2M  0M  1M  2M  3M  
Logarithm of the 
Evidence 
25095 25091 21525 31798 31778 16706 25000 27668 27658 
Table 4. The results of crack evaluation in Cases B and C 
Location(s) (mm) Extent(s) 
Case 
il  (COV %) 
True 
location iD  (COV %) 
Crack depth 
(mm) 
True crack 
depth (mm) 
B 1l  = 79.6 (0.03) 80 ± 1 1D  = 0.0451 (0.12) 2.92 2.8 ± 0.15 
C 1l  = 82.2 (0.21) 
2l  = 102.6 (1.15) 
80 ± 1 
100 ± 1 
1D  = 0.0492 (0.34) 
2D  = 0.0091 (5.48) 
3.02 
1.44 
2.8 ± 0.15 
0.8 ± 0.15 
3.3 Beam property parameters 
Apart from the crack characteristics, several beam properties have to be included in the uncertain 
parameter vector ja . These include the normalized stiffness K%  for modeling the semi-rigid connection 
of the cantilever beam and the damping ratios of the first four vibration modes. Table 5 shows the 
calculated beam properties for the three cases. The normalized rotational spring stiffness varies 
between 378 and 740.  
Table 5: The results of beam property identification in all cases. 
Damping Ratio (%) of each mode (C.O.V %) Case K
%  
(COV %) 1z  2z  3z  4z  
A 378.42 (0.10) 0% (--) 
0.0021% 
(56.70) 
0.3417% 
(3.31) 
0.2001% 
(2.39) 
B 428.64 (0.05) 0.0383% (16.84) 
0.0123% 
(4.18) 
0.0632% 
(1.72) 
0.5367% 
(1.51) 
C 740.48 (4.90) 0% (--) 
0.0076% 
(11.08) 
0.0876% 
(2.52) 
0.0795% 
 (1.25) 
This confirms the well known fact that it is extremely difficult to experimentally realize a fixed-end 
condition and to use a semi-rigid end condition in the analytical model is absolutely essential in the 
case of a fixed end. For the relatively short observation period of 450 ms the fundamental mode 
turns out to be effectively undamped apart from Case B, which shows a small damping value ( 1z  = 
0.0383%) with large uncertainty (COV = 16.84%). Mode 2 shows also very little damping and the 
uncertainties in the calculated values are relatively large. Modes 3 and 4 show higher damping values.  
As an example of how well the optimized system matches the experimental results, a comparison 
between the simulated and measured time histories for Case B is plotted in Figure 5. The simulated 
response perfectly matches the measured response. 
4 Conclusions 
This paper presented a practical crack detection methodology and its verification through experimental 
case studies . An aluminum bar with different crack configurations was considered in the experimental 
verification, using a Polytec laser Doppler vibrometer to measure the velocity at a single point on the 
beam with separate excitations at three different locations. The proposed crack detection methodology 
consists of two stages. The number of cracks is identified utilizing the Bayesian model class selection 
method in the first stage. The updated PDF of the crack locations, extents, the rotational stiffness of 
  
the semi-rigid connection, and the damping ratio of first four modes are then identified by the Bayesian 
model updating method in the second stage.  
Very encouraging results were obtained from the experimental case studies. First, the proposed 
methodology successfully identified the number of cracks in all cases. Second, all identified crack 
characteristics, such as crack locations and depths, were very close to the true values. One of the 
outstanding advantages of the proposed methodology is that the uncertainties associated with the 
identified results can be quantified. As a result, engineers know the confidence level of the crack 
detection results. 
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Figure 5. Comparison of the simulated and measured time histories for Case B (Excitation is applied 
at 2 200 1e = ± mm) (Dash: measured, Solid: simulated) 
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